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Abstract
We consider the five dimensional USp(2k) gauge theory which consists of one
antisymmetric and nf fundamental hypermultiplets. This gauge theory is a many-
probe generalization of the SU(2) gauge theory in five dimensions considered by
Seiberg in the context of probing type I superstring by a D4-brane. This gauge
theory can also be obtained from the USp(2k) matrix model by matrix T-dual
transformations in the large k limit.
We exhibit the anomalous interaction associated with this five dimensional the-
ory on the new phase, where the vacuum expectation values (vevs) of the scalars be-
longing to the antisymmetric hypermultiplet are also nonvanishing. On the Coulomb
phase, the anomalous interaction has been computed in [1, 2].
∗This work is supported in part by the Grant-in-Aid for Scientific Research (10640268) the Grant-in-
Aid for Scientific Research Fund (97319) from the Ministry of Education, Science and Culture, Japan.
1 Introduction
In recent years, attention has been paid to properties of supersymmetric gauge theo-
ries with matter multiplets in various dimensions. In particular, parity odd interactions
obtained from one-loop fermionic determinant or equivalently hexagon diagrams have re-
ceived much interest till now [3, 4] in their interpretation as interactions among branes [5].
They also give distinct contribution to the imaginary part of the effective action and make
sense beyond renormalizability. These interactions are often called anomalous interactions
(or Wess-Zumino type terms albeit the fact that can be represented locally in D > 4 di-
mensions).
In this paper, we will provide another example of anomalous interactions. We consider
the supersymmetric USp(2k) gauge theory in five dimensions with one matter hypermul-
tiplet in the antisymmetric representation and nf matter hypermultiplets in the funda-
mental representation. We consider this theory on the new phase where the vevs of the
scalars belonging to the antisymmetric hypermultiplet are also nonvanishing. This theory
is a many-probe generalization of SU(2) gauge theory with nf fundamental matters and
is also related to the USp(2k) matrix model [6, 7, 8] via matrix T duality operation.
In the former case, our result exhibits a magnetic interaction among D4-branes in non-
trivial gauge backgrounds. On the Coulomb phase, the anomalous interaction has been
computed in [1, 2].
In section 2, we exhibit the five dimensional SYM lagrangian dealt with in this pa-
per and find the background configurations of our model. In section 3, we present our
calculation and our final result is eq. (3. 15)
2 Set up
2.1 Lagrangian of Five Dimensional USp(2k) Gauge Theory
We discuss the five dimensional worldvolume gauge theory associated with USp(2k) ma-
trix model. The lagrangian of this five dimensional theory is given by
L = Ladj + Lasym + Lfund, (2. 1)
where
Ladj = 1
g2
Tr
(
−1
4
vµνv
µν +
1
2
[Dµ, v7][Dµ, v7] + i
2
Ψ¯(adj)Γ
µ[Dµ,Ψ(adj)]− 1
2
Ψ¯(adj)Γ
7[v7,Ψ(adj)]
)
,
(2. 2)
Lasym = 1
g2
Tr

 ∑
M+=5,6,8,9
1
2
[Dµ, vM+][Dµ, vM+ ] +
∑
M+=5,6,8,9
1
2
[v7, vM+][v7, vM+]


+
1
g2
Tr
(
i
2
Ψ¯(asym)Γ
µ[Dµ,Ψ(asym)]− 1
2
Ψ¯(asym)Γ
7[v7,Ψ(asym)]
)
− 1
g2
Tr

 ∑
M+=5,6,8,9
1
2
Ψ¯(asym)Γ
M+[vM+ ,Ψ(adj)] +
∑
M+=5,6,8,9
1
2
Ψ¯(adj)Γ
M+ [vM+ ,Ψ(asym)]


+
1
g2
Tr
∑
M+,N+=5,6,8,9
1
4
[vM+ , vN+][vM+ , vN+ ], (2. 3)
1
Lfund = 1
g2
nf∑
f=1

 ∑
M+=5,6,8,9
1
2
Dµv(f)M+ · Dµv(f)M+ +
∑
M+=5,6,8,9
1
2
v7v(f)M+ · v7v(f)M+


+
1
g2
nf∑
f=1
(
i
2
Ψ¯(f)Γ
µDµΨ(f) − 1
2
Ψ¯(f)Γ
7v7Ψ(f)
)
− 1
g2
nf∑
f=1

 ∑
M+=5,6,8,9
1
2
mf
2v(f)M+ · v(f)M+ +
1
2
mf Ψ¯(f)Γ
7Ψ(f)


− 1
g2
nf∑
f=1

 ∑
M+=5,6,8,9
1
2
Ψ¯(f)Γ
M+Ψ(adj)v(f)M+ +
∑
M+=5,6,8,9
1
2
v(f)M+ · Ψ¯(adj)ΓM+Ψ(f)


+
1
g2
nf∑
f=1
1
4

 ∑
M+=5,6,8,9
v2(f)M+


2
. (2. 4)
Here vµ is the five dimensional gauge field, and v7, vM+, and v(f) are respectively USp(2k)
adjoint, antisymmetric, and fundamental scalars. Ψ(adj), Ψ(asym), and Ψ(f) are respec-
tively USp(2k) adjoint, antisymmetric, and fundamental fermions. These fermions can
be represented, using thirty-two component Majorana-Weyl spinors in 9+1 dimensions,
which satisfy CΨ¯t = Ψ, Γ11Ψ = Ψ,
γΨ(adj) = Ψ(adj), γΨ(asym) = −Ψ(asym), γΨ(f) = −Ψ(f), (2. 5)
where γ ≡ Γ5Γ6Γ8Γ9.
Let us pause for a moment to discuss that this five dimensional lagrangian can be
understood from the action of type IIB matrix model [9], followed by the USp projec-
tions [6].
S(vM ,Ψ) =
1
g2
Tr
(
1
4
[vM , vN ][v
M , vN ]− 1
2
Ψ¯ΓM [vM ,Ψ]
)
, (2. 6)
where vM are bosonic coordinates, and Ψ is a thirty-two component Majorana-Weyl
spinor, which satisfies CΨ¯
t
= Ψ, Γ11Ψ = Ψ. All underlined fields are in u(2k)-valued. We
can obtain the action of USp(2k) matrix model by introducing the projectors ρˆb∓, ρˆf∓
which act on underlined fields,
S(ρˆb∓vM , ρˆf∓Ψ) + ∆S, (2. 7)
where
ρˆb∓vM
−
= vM
−
=
∑
a
vaM
−
Ta, (2. 8)
ρˆb∓vM+ = vM+ =
∑
a
vaM+Xa, (2. 9)
ρˆf∓Ψ =
∑
a
1
2
(1 + γ)ΨaTa +
∑
a
1
2
(1− γ)ΨaXa
=
∑
a
Ψa(adj)Ta +
∑
a
Ψa(asym)Xa. (2. 10)
Here Ta and Xa are, respectively, adjoint and antisymmetric representation matrices of
USp(2k). M− = 0, 1, 2, 3, 4, 7, M+ = 5, 6, 8, 9. We find that S(ρˆb∓vM , ρˆf∓Ψ) = Sadj +
2
Sasym ≡ Sadj+asym is the reduced action of d = 4, N = 2 super Yang-Mills with one
antisymmetric matter. ∆S contains Sfund, which is the zero dimensional reduced action
of nf N = 2 fundamental matters in d = 4. The part in ∆S which is not contained in
Sfund is irrelevant to the rest of our discussion. For more detail, see ref. [8]. We obtain
the lagrangian of the five dimensional gauge theory via matrix T-dual transformation
with respect to x0, x1, . . ., x4 directions, or replacement ivµ with the covariant derivative
Dµ = ∂µ + ivµ for µ = 0, 1, . . . , 4.
For the purpose of our calculation, we would like to regard the present five dimensional
lagrangian as the reduction of higher dimensional one, when we compute the anomalous
interaction [4]. On the Coulomb phase, we can consider Sadj , Sasym and Sfund as the
reductions of d = 6, N = 1 supersymmetric theories. However, on the new phase where
the vevs of the scalars belonging to the antisymmetric hypermultiplet are also nonvanish-
ing, it is easier to regard Sadj+asym as the reduction, with projections, of d = 10, N = 1
supersymmetric theory.
2.2 Vacuum Solutions
We will compute the anomalous interaction on the new phase in the next section. Here
we set all fermionic backgrounds to zero and we find the background configurations of our
model. From the equations of motion for bosonic fields,
[vµ, v7] = 0,
[vM
−
, vN+ ] = 0,
v(f)M+ = 0. (2. 11)
We find
v7 = diag(v
(1)
7 , v
(2)
7 , . . . , v
(k)
7 ,−v(1)7 ,−v(2)7 , · · · ,−v(k)7 ), (2. 12)
vM+ = diag(v
(1)
M+
, v
(2)
M+
, . . . , v
(k)
M+
, v
(1)
M+
, v
(2)
M+
, . . . , v
(k)
M+
), (2. 13)
and all the fundamental bosonic fields v(f) vanish. The gauge field is in Cartan subalgebra
of USp(2k).
2.3 Adjoint and Antisymmetric Representation Matrices
We present all the elements T of usp(2k) Lie algebra, which satisfy T tF + FT = 0 and
T † = T ,
T0i = σz ⊗ eii (i = 1, . . . , k), (2. 14)
T1ij = σx ⊗ 1√
2
e{ij} (1 ≤ i < j ≤ k), (2. 15)
T2ij = σy ⊗ 1√
2
e{ij} (1 ≤ i < j ≤ k), (2. 16)
T3ij = σz ⊗ 1√
2
e{ij} (1 ≤ i < j ≤ k), (2. 17)
T4ij = 12 ⊗ −i√
2
e[ij] (1 ≤ i < j ≤ k), (2. 18)
3
T5ij = σx ⊗ eii (i = 1, . . . , k), (2. 19)
T6ij = σy ⊗ eii (i = 1, . . . , k), (2. 20)
where σx, σy, and σz are Pauli matrices and 12 is the unit matrix of size 2. eij is a k × k
matrix such that the element (eij)kl = δikδjl, and e{ij} ≡ eij + eji, e[ij] ≡ eij − eji. T0i is
Cartan subalgebra of usp(2k). We define
Hei = T0i (i = 1, . . . , k), (2. 21)
T±(ei+ej) =
1√
2
(T1ij ± iT2ij) (1 ≤ i < j ≤ k), (2. 22)
T±(ei−ej) =
1√
2
(T3ij ± iT4ij) (1 ≤ i < j ≤ k), (2. 23)
T±2ei =
1√
2
(T5ij ± iT6ij) (i = 1, . . . , k), (2. 24)
where ei are k dimensional basis vectors and ej are dual basis vectors, and e
i · ej = δij.
The commutation relation of Cartan subalgebra Hei and Tw is
[Hei , Tw] = e
i ·wTw, (2. 25)
where w ∈Wadj ≡ {{±(ei + ej),±(ei − ej),±2ei}} is the root vector of USp(2k).
Next, we present all the elements of antisymmetric representation matrices. The
element X is expressed as
X =
(
A+ iC B − iD
−B − iD A− iC
)
, (2. 26)
where A is a real symmetric matrix, and B, C, D are real skew-symmetric matrices. All
the elements of antisymmetric representation matrices are
X0i = 12 ⊗ eii (i = 1, . . . , k), (2. 27)
X1ij = σx ⊗ −i√
2
e[ij] (1 ≤ i < j ≤ k), (2. 28)
X2ij = σy ⊗ −i√
2
e[ij] (1 ≤ i < j ≤ k), (2. 29)
X3ij = 12 ⊗ 1√
2
e{ij} (1 ≤ i < j ≤ k), (2. 30)
X4ij = σz ⊗ −i√
2
e[ij] (1 ≤ i < j ≤ k). (2. 31)
We define
H˜ei = X0i (i = 1, . . . , k), (2. 32)
X±(ei+ej) =
1√
2
(X1ij ± iX2ij) (1 ≤ i < j ≤ k), (2. 33)
X±(ei−ej) =
1√
2
(X3ij ± iX4ij) (1 ≤ i < j ≤ k). (2. 34)
4
The commutation relation of Cartan subalgebra Hei and Xw is
[Hei, Xw] = e
i ·wXw, (2. 35)
where w ∈ Wasym ≡ {{±(ei + ej),±(ei − ej)}} is the weight vector of antisymmetric
representation. Diagonal matrices H˜ei commute with Hei.
The commutation relation of a diagonal matrix H˜ei and Tw is
[H˜ei, Tw] = e
i · w˜Xw, (2. 36)
where
w˜ = ±(ei − ej) for w = ±(ei − ej),
w˜ = ±(ei − ej) for w = ±(ei + ej),
w˜ = 0 for w = ±2ei. (2. 37)
Similarly, the commutation relation of a diagonal matrix H˜ei and Xw is
[H˜ei, Xw] = e
i · w˜Tw. (2. 38)
In terms of Hei and H˜ei, we can express the vacuum solutions as
v7 =
k∑
i=1
v
(i)
7 Hei ≡ v7 ·H, (2. 39)
vM+ =
k∑
i=1
v
(i)
M+
H˜ei ≡ vM+ · H˜. (2. 40)
3 Anomalous Interactions of Five Dimensional USp(2k)
Gauge Theory
3.1 Computation of the Anomalous Interactions
We compute the anomalous interactions on the new phase where the vevs of the scalars
belonging to the antisymmetric hypermultiplet are also nonvanishing.
Firstly, we compute the contribution to the one-loop effective action by the adjoint
and antisymmetric fermions,
Γadj+asym1−loop = −
i
2
Tr
1 + Γ11
2
ρˆf∓ lnD/ , (3. 1)
where D/ ≡ Γµ(∂µ + ivµ) + Γ7iv7 + ΓM+ivM+ .
Under the variation of the gauge field, eq. (3. 1) is
δΓadj+asym1−loop =
1
2
∫
d5xTr
1 + Γ11
2
ρˆf∓Γ
µw · δvµ〈x| 1
D/
|x〉
=
1
2
∫
d5xTr
1 + Γ11
2
ρˆf∓Γ
µw · δvµ〈x| D/
D/ 2
|x〉. (3. 2)
5
From ΓMΓN = 1
2
{ΓM ,ΓN}+ 1
2
[ΓM ,ΓN ] = ηMN + 1
2
[ΓM ,ΓN ], we obtain
D/ 2 = DµDµ + (w · v7)2 +
∑
M+
(w˜ · vM+)2 + iΓµΓνw · ∂µvν
+ iΓµΓ7w · ∂µv7 + iΓµΓM+w˜ · ∂µvM+ (3. 3)
We note that all vM are diagonal matrices, and [vM , vN ] vanish.
We want the terms which is proportional to the epsilon symbol and does not involve
the metric, so we keep the contribution to the imaginary part of the one-loop effective
action in the Euclidean formalism.
δΓadj+asym1−loop
∼ i
2
∫
d5xTr
1 + Γ11
2
ρˆf∓Γ
µw · δvµ(Γ7w · v7 + ΓM+w˜ · vM+)〈x|
1
D/ 2
|x〉
∼ i
2
∫
d5xTr
1 + Γ11
2
ρˆf∓Γ
µw · δvµ(Γ7w · v7 + ΓM+w˜ · vM+)
×〈x| 1
∂2φ + iΓ
µΓνw · ∂µvν + iΓµΓ7w · ∂µv7 + iΓµΓM+w˜ · ∂µvM+
|x〉
∼ i
2
∑
r=adj,asym
∑
w∈Wr
∫
d5xTr
1 + Γ11
2
1 + (−)|r|γ
2
Γµw · δvµ(Γ7w · v7 + ΓM+w˜ · vM+)
×
∞∑
n=0
〈x|(−i)
n(ΓνΓλw · ∂νvλ + ΓνΓ7w · ∂νv7 + ΓνΓM+w˜ · ∂νvM+)n
(∂2φ)
n+1
|x〉
∼ i
8
∑
r=adj,asym
(−)|r| ∑
w∈Wr
∫
d5xTrΓ11γΓ
µw · δvµΓ7w · v7〈x|(−i)
2(ΓνΓλw · ∂νvλ)2
(∂2φ)
3
|x〉
+
i
8
∑
r=adj,asym
∑
w∈Wr
∫
d5xTrΓ11Γ
µw · δvµΓ7w · v7〈x|(−i)
4(ΓνΓM+w˜ · ∂νvM+)4
(∂2φ)
5
|x〉
+
i
8
∑
r=adj,asym
∑
w∈Wr
∫
d5xTrΓ11Γ
µw · δvµΓM+w˜ · vM+
×〈x|4(−i)
4(ΓνΓ7w · ∂νv7)(ΓλΓM+w˜ · ∂λvM+)3
(∂2φ)
5
|x〉
= −4i ∑
r=adj,asym
(−)|r| ∑
w∈Wr
∫
d5xw · v7ǫµνλρσw · δvµ(w · ∂ν)(vλw · ∂ρvσ)〈x| 1
(∂2φ)
3
|x〉
+ 4i
∑
r=adj,asym
∑
w∈Wr
∫
d5xw · v7ǫµνλρσw · δvµ(w˜ · ∂νvM+)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)
×ǫM+N+P+Q+〈x| 1
(∂2φ)
5
|x〉
+ 16i
∑
r=adj,asym
∑
w∈Wr
∫
d5xǫµνλρσw · δvµw · ∂νv7(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)(w˜ · vM+)
×ǫM+N+P+Q+〈x| 1
(∂2φ)
5
|x〉,
(3. 4)
6
where
∂2φ ≡ ∂µ∂µ + (w · v7)2 +
∑
M+
(w˜ · vM+)2, (3. 5)
and (−)|r| = 1 for r = adj, (−)|r| = −1 for r = asym. The value of 〈x|(∂−2φ )n|x〉 is given
by
〈x| 1
(∂2φ)
n
|x〉 = i
(2
√
π)5
Γ(n− 5
2
)
Γ(n)

(w · v7)2 +∑
M+
(w˜ · vM+)2


5
2
−n
. (3. 6)
We substitute this equation into eq. (3. 4),
δΓadj+asym1−loop
=
1
16π2
∑
r=adj,asym
(−)|r| ∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 1
2
w · v7
×ǫµνλρσw · δvµ(w · ∂νvλ)(w · ∂ρvσ)
+
−1
256π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w · v7
×ǫµνλρσw · δvµw˜ · ∂νvM+(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+
+
−1
64π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w˜ · vM+
×ǫµνλρσw · δvµ(w · ∂νv7)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+.
(3. 7)
We can simplify the first term in eq. (3. 7),
δΓadj+asym1−loop
=
1
16π2
∑
w∈{{±2ei}}
∫
d5x
[
(w · v7)2
]− 1
2
w · v7ǫµνλρσw · δvµ(w · ∂νvλ)(w · ∂ρvσ) + . . .
=
1
16π2
∑
w∈{{±2ei}}
∫
d5xsgn(w · v7)ǫµνλρσw · δvµ(w · ∂νvλ)(w · ∂ρvσ) + . . . .
(3. 8)
Finally, we obtain
Γadj+asym1−loop
=
1
48π2
∑
w∈{{±2ei}}
∫
d5xsgn(w · v7)ǫµνλρσw · vµ(w · ∂νvλ)(w · ∂ρvσ)
+
−1
256π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w · v7
×ǫµνλρσw · vµ(w˜ · ∂νvM+)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+
7
+
−1
64π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w˜ · vM+
×ǫµνλρσw · vµ(w · ∂νv7)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+ .
(3. 9)
Similarly, We compute the contribution to the one-loop effective action by the funda-
mental fermions,
Γfund1−loop = −
i
2
nf∑
f=1
1 + Γ11
2
1 + (−)|fund|γ
2
lnD/ (f), (3. 10)
where D/ (f) = Γ
µ(∂µ+ ivµ) + Γ
7i(v7 +mf) + Γ
M+iv(f)M+ and (−)|fund| = −1. We take the
variation with respect to the gauge field and pick up the relevant terms,
δΓfund1−loop
=
1
16π2
(−)|fund|
nf∑
f=1
∑
w∈Wfund
∫
d5xsgn(w · v7 +mf )ǫµνλρσw · δvµ(w · ∂νvλ)(w · ∂ρvσ),
(3. 11)
where Wfund ≡ {{±ei}}.
Finally, we obtain
Γfund1−loop
=
1
48π2
(−)|fund|
nf∑
f=1
∑
w∈Wfund
∫
d5xsgn(w · v7 +mf )ǫµνλρσw · vµ(w · ∂νvλ)(w · ∂ρvσ).
(3. 12)
3.2 Summary of Our Results
We have exhibited the anomalous interaction on the new phase,
Γ1−loop = Γ
adj+asym
1−loop + Γ
fund
1−loop,
Γadj+asym1−loop = −
i
2
Tr
1 + Γ11
2
ρˆf∓ lnD/ ,
Γfund1−loop = −
i
2
nf∑
f=1
1 + Γ11
2
1− γ
2
lnD/ (f), (3. 13)
where
D/ = Γµ(∂µ + ivµ) + Γ
7iv7 + Γ
M+ivM+ ,
D/ (f) = Γ
µ(∂µ + ivµ) + Γ
7i(v7 +mf ). (3. 14)
We have obtained
8
Γ1−loop
=
1
48π2
∑
w∈{{±2ei}}
∫
d5xsgn(w · v7)ǫµνλρσw · vµ(w · ∂νvλ)(w · ∂ρvσ)
+
−1
48π2
nf∑
f=1
∑
w∈Wfund
∫
d5xsgn(w · v7 +mf)ǫµνλρσw · vµ(w · ∂νvλ)(w · ∂ρvσ)
+
−1
256π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w · v7
×ǫµνλρσw · vµ(w˜ · ∂νvM+)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+
+
−1
64π2
∑
r=adj,asym
∑
w∈Wr
∫
d5x

(w · v7)2 +∑
M+
(w˜ · vM+)2


− 5
2
w˜ · vM+
×ǫµνλρσw · vµ(w · ∂νv7)(w˜ · ∂λvN+)(w˜ · ∂ρvP+)(w˜ · ∂σvQ+)ǫM+N+P+Q+,
(3. 15)
where Wfund ≡ {{±ei}}.
The first and the second terms have been computed in [1, 2]. The third and the
fourth terms are the anomalous interactions we have found. These interactions represent
a generalized Lorentz force among D4-branes in the multiprobe picture [3].
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